We give negative answer to the question of Bordulyak and Sheremeta for more general classes of entire functions than in the original formulation: Does index boundedness in joint variables for an entire function F imply index boundedness in the variable z j for the function F? This question is addressed for entire functions of bounded L-index in joint variables and entire functions of bounded L-index in direction. We also present a class of analytic functions in the unit ball which has bounded L-index in joint variables and has unbounded l-index in the variables z 1 and z 2 for any positive continuous function l : B 2 → C.
Introduction
For K = (k 1 , . . . , kn) ∈ Z n + let us denote ‖K‖ = k 1 + · · · + kn , K! = k 1 ! · . . . · kn!. For A = (a 1 , . . . , an) ∈ C n , B = (b 1 , . . . , bn) ∈ C n , we will use the formal notations without violation of the existence of these expressions A ± B = (a 1 ± b 1 , . . . , an ± bn), AB = (a 1 b 1 , · · · , an bn), A B = a b1 1 a b2 2 · . . . a bn n . For a partial derivative of entire function F(z) = F(z 1 , . . . , zn) we will use the notation F (K) (z) = ∂ ‖K‖ F ∂z K = ∂ k 1 +···+kn F ∂z k 1 1 ...∂z kn n , where K = (k 1 , . . . , kn) ∈ Z n + . Let L(z) = (l 1 (z), . . . , ln(z)), where l j (z) are positive continuous functions of variable z ∈ C n , j ∈ {1, 2, . . . , n}.
An entire function F(z) is called a function of bounded L-index in joint variables [1, 2] , if there exists a number m ∈ Z+ such that for each J = (j 1 , j 2 , . . . , jn) ∈ Z n + and for all z ∈ C n
The least such integer m for which inequality (1) holds is called the L-index in joint variables of the function F and is denoted by N(F, L). Besides, by N(F, z 0 , L) we denote the L-index in joint variables of the function F at the point z 0 , i.e. it is the least integer m for which inequality (1) holds for every J with z 0 instead of z.
If l j (z j ) ≡ 1, j ∈ {1, 2, . . . , n}, then the entire function is called a function of bounded index in joint variables [3] [4] [5] . If n = 1 then we get the definition [6] of bounded l-index for an entire function in the complex plane.
And if in addition l ≡ 1 then we obtain the definition [7] of entire function of bounded index. The polydisc {z ∈ C n : |z j − z 0 j | < r j , j ∈ {1, . . . , n}} is denoted by D n (z 0 , R), its skeleton {z ∈ C n : |z j − z 0 j | = r j , j ∈ {1, . . . , n}} is denoted by T n (z 0 , R). For R ∈ R n + , j ∈ {1, . . . , n} and L(z) = (l 1 (z), . . . , ln(z)) we define
By Q n we denote a class of functions L(z) which for every R ∈ R n + satisfy the condition 0 < λ 1,j (R) ≤ λ 2,j (R) < +∞.
A concept of entire function of bounded L-index in joint variables was introduced by Bordulyak and Sheremeta [8] for the function L(z) of special form. They considered a case L(z) = (l 1 (|z 1 |), . . . , ln(|zn|)), where every l j is a positive continuous function. In this paper we reference Bordulyak-Sheremeta L-index as the "BS L-index". They formulated some criteria of BS L-index boundedness and some properties of these functions without proofs. Among those properties we would like to mention the following: Proposition 1. [8] Let L ∈ Q n and L(z) = (l 1 (|z 1 |), . . . , ln(|zn|)). If an entire function F :
Bordulyak and Sheremeta [8] presented an example of entire function F(z) = exp{z 1 · · · zn}. The function has bounded index in every variable for fixed others, but its magnitude as a function of other variables is unbounded. Taking into account Proposition 1 it is unbounded BS L-index for any L(z) = (l 1 (|z 1 |), . . . , ln(|zn|)). Particularly, index boundedness in each variable does not imply index boundedness in joint variables.
Recently, a more general vector-function L(z) = (l 1 (z), . . . , ln(z)) was proposed [9] , where every l j : C n → R+ is a positive continuous function, j ∈ {1, . . . , n}. For such a function L : C n → R n + and an entire function F : C n → C there was also considered a concept of L-index boundedness in joint variables. A definition was provided at the beginning of the Introduction section. All propositions from [8] are presented with full proofs in [9, 10] for the more general function L. Also, it was proved [9] that if an entire function F : C n → C has uniformly bounded index in every variable z j then the function F is of bounded index in joint variables. Note that the bounded index in the variable z j is equivalent to bounded index in the direction 1 j = (0, . . . , 0, 1 ⏟ ⏞ j−th place , 0, . . . , 0) (see definition and properties in [9, 11] ).
Bordulyak and Sheremeta wrote [8] : "we could not establish whether the index boundedness in joint variables implies the index boundedness in each variable".
In this paper, we give an answer to the question in more general case: "Does L-index boundedness in joint variables for an entire function F imply l j -index boundedness in the variable z j for the function F and for every j ∈ {1, . . . , n}?"
We also consider the similar problem for analytic functions in the unit ball.
Entire functions
Let F be an entire function and Z F be a zero set of the F. If z 0 ∈ Z F , then we denote by p F (z 0 ) the multiplicity of the zero point z 0 of the function F, i.e. for all J, ‖J‖ < p F (z 0 ), F (J) (z 0 ) = 0, but at least one J, ‖J‖ = p F (z 0 ), one has F (J) (z 0 ) ≠ 0. We need the following theorem: Theorem 1. [12] In order that for an entire function F there exists a positive continuous function L(z) = (l 1 (z), . . . , ln(z)) such that F(z) is a function of bounded L-index in joint variables it is necessary and sufficient that there exists p ∈ Z+ such that p F (z 0 ) ≤ p for all z 0 ∈ Z F .
Using Theorem 1 we prove the following theorem about class of entire functions of unbounded l-index in the variable z 1 and in the variable z 2 for any positive continuous function l : C 2 → R+.
Theorem 2. Let f : C → C be an entire function with unbounded multiplicities of zeros. Then the function
is of bounded L-index in joint variables for some positive continuous vectorfunction L :
is of unbounded l-index in the variable z 1 and in the variable z 2 for any positive continuous function l : C 2 → R+.
Proof. Let z 0 be an arbitrary zero point of the function F. Since ∂ 2 F ∂z1∂z2 = 1 ≠ 0 it means that the multiplicity p F (z 0 ) of zero points of the function F is not greater than 2. Then by Theorem 1 the function F(z 1 , z 2 ) = z 1 z 2 + z 1 f (z 1 ) + z 2 f (z 2 ) has bounded L-index in joint variables for some positive continuous vector-function L : C 2 → R 2 + . Put z 2 = 0. Then F(z 1 , 0) = z 1 f (z 1 ). The function has unbounded multiplicity of zeros because f is a function with unbounded multiplicities of zeros. Denote g(t) = tf (t). Let tp be a zero of the g(t) with multiplicity p. Hence, we have g (p) (tp) ≠ 0 and g (j) (tp) = 0 for all j ≤ p − 1. Therefore, the l-index at the point tp is not less than p, i.e. N(g, l, z 0 ) ≥ p for any positive continuous function l :
is of unbounded l-index. Therefore, F(z 1 , z 2 ) has unbounded l-index in the variable z 1 . Of course, the similar statement is also true in the variable z 2 .
Then the entire function F(z 1 , z 2 ) = z 1 + Φ(z 2 ) has 1) bounded L-index in joint variables N(F, L) = 1 with L(z 1 , z 2 ) = (1, C exp{(|z 2 | + 1)/2}), C is a some constant (i.e. in a sense of Bordulyak-Sheremeta); 2) unbounded l-index in the variable z 2 for any positive continuous function l : C 2 → R+.
Proof. For arbitrary (z 1 , z 2 ) ∈ C 2 we put r j = |z j |, j ∈ {1, 2}. Since ∂F ∂z1 ≡ 1 this yields max {︃ |F (j1,j2) (z 1 , z 2 )| j 1 !j 2 ! :
For any j 2 ∈ Z and j 1 ≥ 2 F (j1,j2) (z 1 , z 2 ) ≡ 0. For j 1 = 1 and for any j 2 ≥ 1 we have F (1,j2) (z 1 , z 2 ) ≡ 0. Let j 1 = 0. Using Cauchy's formula in the variable z 2 we deduce that for all j 2 ≥ 2
where r 2 = |z 2 |.
In [13] for the function Φ there was obtained
where C is a some positive constant. Thus, inequalities (3) and (4) yield |F (0,j2) (z 1 , z 2 )| j 2 ! ≤ C exp{(r 2 + 1)/2} for j 2 ≥ 2.
A positive continuous vector-function L(z) = (l 1 (z), l 2 (z)) can be chosen such
Note that F (1,1) ≡ 0. From (3), (4), (5), (6) it follows that for all j 1 + j 2 ≥ 2
Hence, we have
It should be observed that |F (1, 0) 1) . Therefore, N(F, L) = 1. The second part of the theorem can be proved by analogy to the proof of Theorem 2.
Actually, we showed in Theorems 2-3 that bounded L-index in joint variables for entire function does not provide bounded l j -index in the direction 1 j .
Analytic functions in the unit ball
Here we will consider similar problems for analytic functions in the unit ball.
All notations from previous sections remain valid. However, we need additional notations. The open ball {z ∈ C n : |z − z 0 | < r} is denoted by B n (z 0 , r), the closed ball {z ∈ C n : |z − z 0 | ≤ r} is denoted by B n [z 0 , r], B n = B n (0, 1), D = B 1 = {z ∈ C : |z| < 1}, where |z| = √︁ ∑︀ n j=1 |z j | 2 , 0 = (0, . . . , 0), 1 = (1, . . . , 1) ∈ R n + . Let L(z) = (l 1 (z), . . . , ln(z)), where l j (z) : B n → R+ is a continuous function such that
where β > √ n is some constant. An analytic function F : B n → C is said to be of bounded L-index (in joint variables) [14, 15] , if there exists n 0 ∈ Z+ such that for all z ∈ B n and for all J ∈ Z n + inequality (1) holds. Above we used Theorem 1 for entire functions. The theorem states that for every entire function F : C n → C with bounded multiplicities of zero points there exists a positive continuous vector-function L : C n → R n + such that F has bounded L-index in joint variables.
Here we consider a similar problem for analytic functions in the unit ball: Is there a positive continuous vector function L : B n → R n + for any analytic function F : B n → C with bounded multiplicities of zeros such that F has bounded L-index in joint variables?
In this paper, we give a positive answer to the question.
Theorem 4. In order that for an analytic function F : B n → C there exist a positive continuous function L(z) = (l 1 (z), . . . , ln(z)) satisfying (7) such that F is a function of bounded L-index in joint variables it is necessary and sufficient that there exists p ∈ Z+ such that p F (z 0 ) ≤ p for all z 0 ∈ Z F .
Proof. The proof is similar to the proof of Theorem 1 in [12] for entire functions. Necessity. To simplify the notation we consider everywhere in the proof p 0 := p F (z 0 ). Necessity follows from the definition of bounded L-index in joint variables. Indeed, assume on the contrary that
This means that for some J 0 ∈ Z + n , ‖J 0 ‖ = p 0 , one has F (J 0 ) (z 0 ) ≠ 0 and F (J) (z 0 ) = 0 for all J, ‖J‖ ≤ p 0 − 1 and z 0 ∈ Z F . Therefore, the L-index in joint variables at the point z 0 is not less than p 0 > p, i.e.
If p → +∞, then we obtain that N(F, L, z 0 ) → +∞. This contradicts the boundedness of L-index in joint variables of the function F.
Sufficiency. Let p be the least integer such that ∀z 0 ∈ Z F p 0 ≤ p. Denote
Since F is an analytic function, there exists E = E(R) = (ε 1 (R), . . . , εn(R)) > 0 such that
and for some J 0 , ‖J 0 ‖ ≥ p 0 with F (J 0 ) (z 0 ) ≠ 0. Let us denote
For every z ∈ B n we put R = (|z 1 |, . . . , |zn|). Then at least one of the numbers |F(z)|,
Using Cauchy's formula for polydisc D n (z, r 0 · 1) we deduce that for all J, ‖J‖ ≥ p + 1
A positive continuous function L(z) = (l 1 (z), . . . , ln(z)) can be chosen such that }︃ .
In view of arbitrariness of z, the analytic function F has bounded L-index in joint variables.
Using Theorem 4 it is possible to deduce the following corollary by analogy to the proof of Theorem 2.
Corollary 1. Let f : D → C be an analytic function with unbounded multiplicities of zeros. Then the function F(z 1 , z 2 ) = z 1 z 2 + z 1 f (z 1 ) + z 2 f (z 2 ) is of bounded L-index in joint variables for some positive continuous vectorfunction L : B 2 → R 2 + and F(z 1 , z 2 ) is of unbounded l-index in the variable z 1 and in the variable z 2 for any positive continuous function l : B 2 → R+.
